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= Q(x, t, U), ∀x ∈ D ⊂ R, t > 0
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ËÖLFA}IHEÖ}6Ì ÊA{~´LvMAEªÀ=XE¿ Q(Uni , U
n
i+1) = A(U˜)
MA{!AFAGHD(IJL´L1D@6GHÌ$EMAEªÀf=XE¿)= U˜ @6E~<A@6{ 
}6E~FzD6EI





















«y¢ 	£~µ ¤ -¢ -¢
















= Q(x,W ) M&LFA} R×]0, T [










}|G x < 0, E~D W0(x) = WR
}|G x > 0,
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[W.nt + f (W ) .nx] dσ =
∫
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−, X+[×]tn, tn + θ[ DE~I¬X?)E xi+ 1
2
∈]X−, X+[ º
ÆF}|?A<A<a=C}LFDz?AE X−, X+ E_D θ > 0 }|=CFDfÌ ÊA=CGJ}|GJ}(MAE+D6E$IJIHE%	ﬂL½~=CFz?AE ∀t ∈]tn, tn + θ[ e
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e dX− = |X− − xi+ 1
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)− F (W ni )]+∫
piθ



















W (x, tn + θ) dx.
¾ÅE$ÌªIJEÌ ÊA=CG Ç
e X− = xi
E_D X+ = xi+1
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Q (x,W ) dxdt.
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= 0, ∀ (x, t) ∈ R×]0,+∞[,
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(∣∣f ′(wni+1)∣∣ , |f ′(wni )|), r = ∆t∆x,
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≤ 1 $ ∀(i, n) ∈ Z× N,
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β−1 ≥ 0, β1 ≥ 0, β0 ≥ 0 E_D β−1 + β0 + β1 = 1.
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≥ 1 ¿ ∀(i, n) ∈ Z×N ¿}6?)<A<>=}6=CFA}®LIJ=@6}
z?

GHI³E_ÇGH}|DE γ ≥ 1 ¿)D6E$I³z?AEª<a=C?A@D=?)D (i, n) ∈ Z× N αn
i+ 1
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(1 + γsgn(c)) =
r|c|
2
(sgn(c) + γ) ,





(−1 + γsgn(c)) = r|c|
2
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,­=C?)@ γ ≥ 1 ¿ ÖF	MA{!AFAGHDfI  E$F)}6E$VBAIJE+}|?AGHÅULFD e
X = {w ∈ R/|w| ≤ γ||w0||L∞(R)}




























































































,­=C?)@ wni+1 = w
n
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∈ [wni+1⊥wni , wni+1>wni ] ,
ﬁ 7_*5$#&7












































     

        	 DD I          D  
	   
 
          1D
ËÑEf;~ÐE(}|?A@
[






































































































































|f ′(ani )| sgn (f ′(ani ))
(∣∣∣δni+ 1
2















|f ′(ani )| sgn (f ′(ani ))
(∣∣∣δni− 1
2












∣∣∣+ sgn (f ′)) .
,­=C?)@=CFD@|E$@+IHEv<A@6GHFAÌ$GH<>EM)?RÐL1ÇGJ?)¿aGJI }|? ÓDMAEvD@6=?)ÅCE~@IHE$}ªÌ$=FAMAGHD6GJ=CF)}Ö}6?A@ αn
i+ 1
2
E~D r MAE+D6E$IJIHE+}6=C@DE+z?AE β0
¿ β1
E~D β−1
}|=CGJE~FD<>=C}|GHD6G	3}E_D β0 + β−1 + β1 = 1
º
Ö@=CF L
β1 ≥ 0 ⇐⇒ |δni+ 1
2
| ≥ sgn (f ′) ,  º P 
β−1 ≥ 0 ⇐⇒
∣∣∣δni− 1
2
∣∣∣ ≥ − sgn (f ′) ,  º @ 
M
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)∣∣∣ ¿=CFWL}|}6?A@|E β1 ≥ 0 ¿
β−1 ≥ 0
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,­=C?)@D6=C?)D w ∈ X =CF L∣∣g (wni , wni+1)− f(w)∣∣ = ∣∣f (ϕ (wni , wni+1))− f(w)∣∣



















∣∣wni+j − w∣∣ ,
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∣∣∣ $ ∀i ∈ Z $ n ∈ N ﬀﬁ7 ] γ¯ ∈ [1, γ] $ γ¯ 7 \_ﬁ(] /1b)\_ﬁ0ﬀb&ﬁ 7%$
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(1 + γ¯ sgn (f ′))wni +
1
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= H (wni−1, wni , wni+1) , 0 º C 
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= 1− rγ¯f ′(ani ).
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?AFAEªÌ$=FAMAGHD6GJ=CF-}|? }LFD6EVE$}DfMA=CFAÌ 1 + δn
i+ 1
2
≥ 0 E_D 1− δn
i+ 1
2
≥ 0 ¿AGJI³}  E~FA}6?)GHDfz?AE
∣∣∣δni+ 1
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(1 + sgn (f ′)) (f ′ (w)) ,
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0 }|G 0 ≤ x < 0.2,
1 }|G 0.2 ≤ x < 0.4,
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φMLF (U, V, r) =
1
2
(f(U) + f(V ))− 1
4r
(V − U)
E~D φLW, (U, V, r) E~DI

LU<A<A@6= ÇGJÐLUD6GJ=CFMA? ?&?ÇFz?AÐ{~@6GHX?)E}6?AG,ÅULFD?AFAEM){$@6G,ÅC{~E(MAGJ@|E$Ì~D6GJ=CF
FAE$IHIJE+E_D?)F <AL@LÍ~D6@6E  MA? }6Ì ÊA{~´LÓMAEÔZL1Ç7  RE$FAMA@|= 9MA=CF)FA{ª<&L@
φLW, (U, V, r) =
1
2
(f(U) + f(V ))− r
2
f [ϕ¯ (U, V ) +  (f(V )− f(U))]− f (ϕ¯ (U, V ))

,
= ϕ¯ (U, V ) E$}|Dª?)F;{~DLUD+=mÈE$F}6LUDGH} 	ﬂLGH}LFDIÃLÐ@|E$IJLUDGH=CF MAEVÌ$=CFA}|GJ}D LFAÌ~E ϕ¯ (U, U) = U ¿
E$}D®Ì ÊA=GJ}6G&D6E$Ihz?AEIJLÐLUD6@6GJÌ~E A¯ (U, V ) = A (ϕ¯ (U, V )) ¿E~D IJE'?&?ÇFz?A{$@|GJz?AEfMA?´}|Ì ÊA{$ÐL
MAEÔZL1Ç7  RE$FAMA@|= 9E$}DfMA=CFAFA{ª<&LU@
φLW (U, V, r) =
1
2
(f(U) + f(V ))− r
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= 0, (x, t) ∈ D × R∗+, D ⊂ R




L ÅCE$Ì W : D × R+ → Ω ?)F ÅCE$Ì_DE~?A@  m Ì$=C<a=C}LFD6E$}MAE´X?ALFDGHD6{$}Ì~=CFA}|E$@|Å{$E~}$¿=
ÅUL@6GJLBAIJE~}vM


























A (W ni+1 −W ni )

















(|λp|) = ρ (A) ,













+F-F)=DE λ1 ≤ λ2 ≤ ... ≤ λm }6E~}ÅULIHE$?A@|}<A@|=C<A@6E~}
L}6}|=Ì~GJ{~E$} L?ÇÓÅCE~Ì~D6E$?A@|}®<A@|=C<A@6E~} {r1, ..., rm} ¿zE~D =CFFA=D6E B = {r1, ..., rm} IÃL+B&L}|EMAE Rm
	3=C@6{$Eª<&LU@fIHE$}(ÅCE~Ì~D6E$?A@|}Ñ<A@|=C<A@6E~}M)E A º ﬂX=CGHD R = [r1, ..., rm] IÃLvÐLUD@|GJÌ$E+M)E<AL}6}6LKCEMAE
IÃL-B&L}|EÐÌ$LFA=CF)GJz?AEÓMAE
R
m 	IÃL BAL}6E B ¿¬GJI }  E~FA}6?AG,DVz?AEIÃL-ÐLUD@|GJÌ~E A = RΛR−1 ¿¬=






















A (W ni+1 −W ni ) .
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V ni+1 − V ni
)
,



















= 0, (x, t) ∈ D × R∗+, D ⊂ R,
V (x, 0) = V0(x), x ∈ D.
Á
Ev}|ÈX}|D6Í$EÓE$}|Dª{~z?AGHÅULIHE$FD m {$z?&LUD6GJ=CFA}ÑGJFAMA{~<>E~FAM&LFD6E$} m ÅUL@|GÃLB)IJE$}~¿>Ì

E~}|D   MAGJ@|E
z?AEIHE+<A@6=BAIJÍ~ÐEÖ}|E@6LÍ$FAE






= 0, (x, t) ∈ D × R∗+, D ⊂ R,























































≥ ρ(A)|λp| ∀(i, n) ∈ Z× N
$ ∀p ∈ {1, ..., m} ﬁ 7_*Z5$#&7 λp 6= 0 $
2) r ≤ ρ(A)−1 














































































     

        	 DD I          D  
	   
 

















































































1) ÆFRL<A<AIHGJz?&LFDªIJEv<;$EÓL@|KC?AE$FDªz?AEÓM&LFA}ªIJEvÌ$L}ª}6Ì$LIÃLGH@6EU¿d=CFRL?A@6L βni+1 ≥ 0 E~D







¿ ∀(i, n) ∈ Z× N ¿ ∀p ∈ {1, ..., m} º
2) Ë


















∀p ∈ {1, . . . , m} ;dE_DÖIÃLÌ$=CF)MAGHD6GJ=CF















) ∀(i, n) ∈ Z×N ¿ ∀p ∈ {1, ..., m} ¿)Ì~E
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A (W ni+1 −W ni ) ,



























sgn (A) (W ni+1 −W ni ) ,
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L?)D@|E<&L@D-}6GÖ=F<)@6=1|E_D6DE W ni+1 − W ni MALFA} IJL B&L}6EM)E$} ÅCE~Ì~D6E$?A@|}<A@|=C<A@|E$}-MAEIJL












W ni+1 −W ni
)− 1
2
sgn (A) (W ni+1 −W ni )





γp (1− sgn(λp)) rp

















E~}|DZIJL}6=CIH?)DGH=CFÖMA?ª<A@|=CBAIJÍ~ÐE­MAE ÀfGHE$ÐLFAF³¿ γp =
tlp·
(
W ni+1 −W ni
)
E~D tlp




































= 0, (x, t) ∈ D × R∗+, D ⊂ R
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MAE$}­<A@6=BAIJÍ~ÐE~}­MAE IÃLÐ{~Ì LF)GJz?AE MAE$}ﬀ?&?AGJM)E$}$¿1E~DyIÃLÊ&L?)D6E$?A@E~DyIÃLz?&LFDG,D{ MAE®=C?)ÅE$E$FD
M&LFA}IJEÌ$L}MA?<)@6=CBAIHÍ$EMAEﬂ)LGHFzD (#E~F&LFD
º
Ω {~D LUFzD­?AF=C?)ÅE$@|D­Ba=C@6FA{MAE Rm
º
ÔZL 	3=CFAÌ_DGH=CF




























)− F (W ni )) ,

























(∣∣∣λni ,p∣∣∣ , ∣∣∣λni+1,p∣∣∣))
= [λp]p=1,...,m





{_D LUD W ni
3@6E~}6<aE$Ì~D6GHÅE$E$FDE I















)− F (W ni ) = A (V¯ (W ni ,W ni+1)) (W ni+1 −W ni ) .




















A (V¯ (W ni ,W ni+1)) (W ni+1 −W ni ) .
Á




E~FA}6?)GHDZz?AEIÃLÐLUD@|GJÌ~E A (V¯ (W ni ,W ni+1))
E$}DvMAGÃLUKC=CF&LIHGJ}6LBAIJE
º
ÖF FA=D6E λ¯1 ≤ λ¯2 ≤ ... ≤ λ¯m IJE~}VÅULIJE~?A@6}<A@6=C<)@6E$}L}6}|=Ì~GJ{$E~}vL?Ç
ÅCE~Ì~DE~?A@6} <A@6=<A@6E~} {r¯1, ..., r¯m} ¿CE_D =FÐFA=UDE B¯ = {r¯1, ..., r¯m} IÃLÖBAL}6EMAE~} ÅE$Ì~D6E$?A@|}®<A@|=C<A@|E$}
MAE
R
m º ﬂ=CG,D R¯ = [r¯1, ..., r¯m] IÃL´LUD6@6GHÌ$EMAE-<&L}|}LKCE´MAE IÃLB&L}6E´Ì LFA=FAGJz?AE M)E Rm 
IÃL B&L}6E B¯ 	3=C@6{$E<&L@IJE~}ÅCE~Ì~D6E$?A@|}<)@6=C<A@|E$}M)E A (V¯ (W ni ,W ni+1)) ¿­GHI }  E~FA}6?AG,Dvz?AE IJL































































, V¯ ni = R¯−1i+ 1
2
W ni
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ÆF	D6E$F&LUFzDÌ$=C<)DEÑMAE+I

LF&LI,ÈX}6EÑM)? }|Ì ÊA{$ÐL ﬂ)À*
Î
M&LUFA}IJEÑÌ L}IHGJFA{$LGJ@|EfÅE$Ì_D=C@|GJE$I¿)M&LUFA}
IJE+Ì$L}= λp 6= 0 ∀p ∈ {1, . . . , m} =CF	<aE$?)Df{~Ì$@6GH@6E+MAEªÐLFAGHÍ$@6EªLUF&LIJ=KC?AE e



























































Q¯ (V¯ (W ni ,W ni+1)) (F (W ni+1)− F (W ni )) ,































(A (V¯ (W ni ,W ni+1))) (W ni+1 −W ni ) ,






































∣∣∣A (V¯ (W ni ,W ni+1))−1∣∣∣ (F (W ni+1)− F (W ni )) ,



































ËÖLFA}ÐIJE	BA?)DMAEz?&LIJG8&E$@vÌ~E}|Ì ÊA{$ÐLpFA=?A}´LUIJIJ=FA}vIJE	Ì$=Ð<&LU@6E$@L ÅCE~Ì MAE~}Ð}|Ì ÊA{$ÐL}ÐMAE
ÅC=CIH?AE$}AFAGJ}EÌ LUÌ$E$}-<a=C?A@IÃL9}6GH?AIJLUDGH=CF FX?)Ð{~@6GJz?AEMAE$}´}|ÈX}|D6Í$E$} ÊÈX<>E~@6Ba=CIJGHz?AE$}~¿









gV FFC(V,W ) =
1
2
(F (V ) + F (W ))− 1
2
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= λk(V (Xk, t)).
Ô¬E}|Ì ÊA{$ÐL #
» »Á









(F (V ) + F (W ))− 1
2
sgn
(ARoe) (F (W )− F (V ))













gV FRoe (V,W ) = F (WV FRoe (0;V,W )) ,








W (x, 0) =
V, x < 0,W, x > 0,










































































     

        	 DD I          D  
	   
 
          1D





f(v) }6G f ′(uˆ) > 0
f(w) }6G f ′(uˆ) < 0
f(u¯) }|G f ′(uˆ) = 0
gRoe(v, w) =

f(v) }|G f ′(uˆ) > 0
f(w) }|G f ′(uˆ) < 0
1
2
(f(v) + f(w)) }|G f ′(uˆ) = 0
gV FFC(v, w) =

f(v) }|G f ′(u¯) > 0
f(w) }6G f ′(u¯) < 0
1
2






}|G w 6= v







gSRNHS(v, w) = gV FRoe(v, w) M&LFA}ÑIJEVÌ$L}Ö=C?I

































1  Ł 2IA6?  =d 7@?$2	4 CK4 7:92 D? ;DC
ËÖLFA}ªI

{_D L<aE<A@|{$MAGHÌ~DE~?A@ªMA?9}6Ì ÊA{~´L ﬂ)À*
Î
ﬂ>¿³=CF L-E$}|}L ÈC{MAED@|=C?)ÅE$@ª?AFAEÓBa=CFAFAEÓL<
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 	     
       
ÖF<)@6=1|E_D6DE W ni+1 − W ni M&LFA}vIJL B&L}|E M)E$}ÅCE~Ì~D6E$?A@|}Ð<A@|=C<A@|E$} B¯ = {r¯1, ..., r¯m} MAE-IJL

LÌ$=BAGJE~FAFAE A Ì$LIJÌ~?AIJ{~EªLvI  {~D L1DÐ=^ÈCE~F³¿&=CFL?A@6L e

















0 . . . 0












0 . . . 0 λ¯m|λ¯m|

,
M&LFA}IHE+Ì L}= λ¯k = 0





(A¯ (V¯ (W ni ,W ni+1))) (W ni+1 −W ni ) = R¯ sgn (Λ¯ (V¯ (W ni ,W ni+1))) R¯−1 m∑
p=1
γ¯pr¯p
= R¯ sgn (Λ¯ (V¯ (W ni ,W ni+1))) m∑
p=1
γ¯pR¯−1r¯p.
Ö@ tl¯qr¯p = δpq
=? l¯q
E~}|DIJE+  GHÍ$EÑÅCE~Ì~D6E$?A@Ì$=CIH=CFAFAE+MAEªIJL´LUD6@6GHÌ$E R¯−1 ¿&M  =
sgn
















W ni+1 −W ni
)




















W ni+1 −W ni
)
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GHI³E_ÇGH}|DE j ∈ {1, . . . , m} DE~I¬z?AE
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R−1(W ) = 1
2c
 u+ c −1−u+ c 1
 .
ÔZLÐLUD@|GJÌ$E}|GJKCFAEMA{ &FAGHEÑM&LF)} IHE}|Ì ÊA{$ÐL ﬂ)À*
Î
ﬂ>¿XE$}|D®E$FÐ<A@6GHFAÌ$GH<>EMA{ &FAGJEf<&L@ IJE~} {_D LUD6}





































¿ hr = 1m
¿ ul = 0
E_D ur = 0
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(h,Q)(x < 0, t = 0) = (1, 0), (h,Q)(x > 0, t = 0) = (0.3, 0)
FAEÓ! =CFAMAEªMAEªMA{_DE~FzD6E}|?ABA}|=CFAGJz?AEE~D?)F;- Ì ÊA=XÌ}|Eﬁ	3=C@6E$FD
º
ﬂ
#^'aﬁ#Xﬃ7 X7V" ﬀﬃ_ﬃ|ﬀ@	X7Ö\_#XﬃE /1b,Ó\^7 ]ve
Ô¬E~}fÌ~=CFAMAG,DGH=CFA}GHFAGHD6GÃLIHE$}®}|=CFDf´LGHFDE$FALFD
e
(h,Q)(x < 0, t = 0) = (1, 0), (h,Q) (x > 0, t = 0) = (0, 0)
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= 0, x ∈ [0, 10],
























(E + p) u















E~FzD6Ê&LIH<AGJEVD6=D LUIJE H <&L@ H =
1
ρ









∇F (W ) =

0 1 0
(γ − 1)H − u2 − c2 (3− γ)u γ − 1
(γ − 2)uH − uc2 H − (γ − 1)u2 γu
 .
ÔZLÓÐLUD6@6GJÌ~E ∇F (W ) E~}|DMAGÃLUKC=CF&LIHGJ}6LBAIJEU¿z}6E$}ÅULIJE~?A@6}(<)@6=C<A@|E$} λj }6=CFDfMA=CFAF){$E$}f<&L@ e
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Ì$E}|Ì ÊA{$ÐL <>E~@6E~D-IJLp}6GH?AIÃL1DGJ=F Fz?A{$@6GHz?AE;MAEz?AE~IJz?AE$}	Ì$L}-Ì$@|GHDGHz?AE$} E~F<A@6E~F&LFD
t = 0.005 E_DIJLvÌ$=CFAM)GHDGH=CF-MAEª}|DLBAGHIJGHD6{Ñ{~KLIJE 0.9 e
ÆF 	3=CFAÌ_DGJ=F MAE~}ÑÌ$=FAMAGHD6GJ=CF)}GHFAGHD6GÃLIHE$}IHE<A@|=CBAIHÍ$EM

Æ?AIJE~@ÑLUMAÐE_DD6@6=CGH}Ì ÊALÐ<)}ÑÌ LU@LÌ 
D{~@6GJ}DGHX?)E$}$¿ IJE<A@6E~ÐGHE$@´E_D-IJE D@|=CGJ}|GJÍ$E Ì Ê&L<A} Ì LU@LÌ_D{$@|GJ}DGJz?AE~} }6=FzD´Å@6LGJE$FD´FA=CF
IJGHFA{ LGH@6E~}  ∇λj ·Rj 6= 0 ¿A<a=C?A@ j = 1, 3  E_D<>E~?)ÅCE~FzD;~D6@6E+}|=CGHD(M)E$}=CFAMAE~}MAEª@L@|{!	ﬂLÌ_DGJ=F³¿
}6=CG,DVM)E$}V=FAMAE$}MAEÌ ÊA=ÌU¿­<AL@Ì~=CFD@|E´IJEÓMAE~?ÇGJÍ~ÐEÌ Ê&L<pÌ$L@LÌ_D{~@6GJ}DGHX?)EÐE~}|DIHGJFA{$LGJ@|E 
ÐE~FDvMA{$K{$FA{~@6{  ∇λ2.R2 = 0 E_DÌ~=C@6@|E$}6<a=CFAM  ?)FAE MAGH}6Ì$=FzD6GJFz?AG,D{´M)E Ì$=CFDLÌ~Dvz?AG®}6E
<A@6=<&LKCEL ÅCE~ÌIJLVÅG,DE~}6}6E u
º




















{~D L1DKCL?AÌ ÊAE x ≤ 5 {~DLUDMA@6=GHD x > 5
ρl = 1 ρr = 0.01
ul = 0 ur = 0
pl = 10












ËÖLFA}fÌ$EªÌ$L}GJIdÈ	LvMAE~?Ç Ì ÊA=XÌ$}z?AE}6Eª<A@6=<&LKCE~FzDfMAEªIJLKL?AÌ ÊAEªÅCE~@6}fIÃLMA@|=CGHD6E
º
{~DLUDKL?AÌ Ê)E x ≤ 5 {_D LUDfMA@|=CGHD x > 5
ρl = 1 ρr = 1
ul = 300 ur = −300
pl = 10
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(zi+1 − zi) .
u(x, t)
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2 + (uni )
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= Q(x,W ), (x, t) ∈ D × R+, D ⊂ R
W (x, 0) = W0(x), x ∈ D
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(A¯ (V¯ (W ni ,W ni+1))) (W ni+1 −W ni )
+1
2
|A¯ (V¯ (W ni ,W ni+1)) |−1∆xQni+ 1
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(x, t) = −gh∂z
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(W (x, t)) = Q (x, t) ,
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∣∣∣ (W ni+1 −W ni ))
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0.25(cos(10pi(x− 0.5) + 1)
3ﬀ
1.4 ≤ x ≤ 1.6
0
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u(x, 0) = 0.0 et h(x, 0) =
1.+ ∆h− z(x)
ﬀ
1.1 ≤ x ≤ 1.2
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hl = 5m hr = 1m
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hl = 5m hr = 1m,
ul = −4m/s ur = 9m/s.
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hl = 4m hr = 0.1m,
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∂F (W (x, t))
∂x
+ S1(x,W ) = S2(x,W )
W (x, 0) = W0(x)
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p− piv = 0























































































(∇F (W¯ )) (W ni+1 −W ni )
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∂F (W (x, t))
∂x
+ S1(x,W ) = 0















⇐⇒ ∂W (x, t)
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+A(W )∂W (x, t)
∂x
= 0
W (x, 0) = W0(x).
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0 1 0 0
−u2v + αvp,1 2uv αvp,3 0
0 0 0 1
αlp,1 + θlαl,1 0 −u2l + αlp,3 + θlαl,3 2ul
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&# A(W ) = A0(W ) + H(W ) #CBﬀ
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0 1 0 0
−u2v + c21 2uv 0 0
0 0 0 1
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(λ− uv)2 − c21
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1 1 0 0
λ1 λ2 0 0
0 0 1 1
0 0 λ3 λ4
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(A0(W¯ )) (W ni+1 −W ni )
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Pa(X) = −aX3 + (a + 1)X.
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αv(0, t) = 0.2
N
uv(0, t) = 0
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)ﬁut(x, t) + div(F (x, t, u(x, t))) = 0, ∀ x ∈ R
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αhN ≤ m(p), m(∂p) ≤ 1
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(i) u0(x) ∈ L∞(RN) : ()"v t(,'
pK
N'0/q ∈ R2 ")g A ≤ u0 ≤ B ﬃ6wﬃ
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F (x, t, s) = v(x, t)f(s)
#0B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F (x, t, s) = F (x, s)
 {;Aﬀ98:;ﬂ<#1
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F = (f1, f2)












F (W nj )− F (W ni )
) · ηij
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V (Ci) = {Cj ∈ T ;")g Ci ∩ Cj = eij} N





























































































(u, v) ∈ [A,B]2.
(ii) g
(
u, v, Snij, ηij
)
= −g (v, u, Snji, ηji) ﬃI
Or
 (u, v) ∈ [A,B]2.
(iii) g
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+ div(F (u)) = 0, ∀x ∈ R2 , ∀t ∈ R+,
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F (u) · ηijdσ = 0


































F (u) · ηijdσ.
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g (uni , u
n
i , ηij) = F (u
n
i ) · ηij.
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j − uni )





















{|f ′1(uni )| , ∣∣f ′1(unj )∣∣}+ |ηy|max{|f ′2(uni )| , ∣∣f ′2(unj )∣∣}
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H (u, v{j∈Ni}) = u− ∆tnAi ∑
j∈Ni
|eij|g (u, vj, ηij) .
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a⊥b = min (a, b)  a>b = max (a, b)
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X = {u ∈ R+/|u| ≤ ‖u0‖L∞(R2)}.
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|eij|g (uni , uni , ηij) =
∑
j∈Ni
|eij|F (uni ) · ηij
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v(x, tn)dσ = vnji 3
Snij = max
(|f ′(uni )vnij · ηij|, |f ′(unj )vnij · ηij|) 3
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div(v(x, t)) = 0 et sup
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Snij∣∣f ′ (anij) vnij · ηij∣∣ ,
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||un||L∞(R2) ≤ ||u0||L∞(R2).
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v(x, tn) · ηijdσ
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τnij ≥ 0 ⇐⇒
∣∣δnij∣∣− sgn (f ′(u)vnij · ηij) ≥ 0 -#  ∣∣δnij∣∣ ≥ 1,
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∣∣δnij∣∣ ≥ 1 ⇐⇒ ∀(i, n) ∈ N2, ∀j ∈ Ni, ∃ γnij ≥ 1 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 αnij = γnij Snij∣∣f ′ (anij) vnij · ηij∣∣
1
! ﬃﬂ)(2
















 	 # D 	  ﬀ 
unij
 






!Hh/ﬀ 2   <ﬁ   	
& 	?)( ﬃD# >ﬃﬁD2
3
 ( 	  :ﬀ
∆tn ≤ 2Ai|∂Ci|
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∆tn ≤ 2Ai|∂Ci|ψni (γ + 1)




∣∣f ′ (unij) vnij · ηij∣∣ ,
























f ′(u)vnij · ηij
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= sij.





(1 + γsij) u
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|eij| (1− γsij) sij
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|eij| (1 + γsij)









|eij| (sij + γ)
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B  	, ∑
j∈Ni
(sij + γ)
∣∣f ′ (unij) vnij · ηij∣∣ ≤ (γ + 1) sup
j∈Ni





|f ′(unij)vnij · ηij| = ψni ,
O(  ∑
j∈Ni
|eij| (γ + sij) f ′(unij)vnij · ηij ≤ (γ + 1)ψni |∂Ci|.
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∀(i, n) ∈ N2,
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Snij∣∣∣~V nij · ηij∣∣∣ ,
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||un||L∞(R2) ≤ ||u0||L∞(R2).
 <




















































   ﬀ  
      











 : $  
C1
3





uni ⊥unj , uni>unj
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F (unj )− F (uni )
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~V nij · ηij 3
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|eij|F (uni ) vnij · ηij
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τnij ≥ 0 ⇐⇒
∣∣δnij∣∣− 1 ≥ 0 -!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Snij∣∣∣~V nij · ηij∣∣∣











∣∣∣~Unij · ηij∣∣∣ = φni , ∀ (i, n) ∈ N2  γni = sup
j∈Ni
γni .
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∣∣F ′ (unij) · ηij∣∣ ≤ ∑
j∈Ni
|eij| (1 + γ)
∣∣F ′(unij) · ηij∣∣
≤ (1 + γ) sup
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[Rnij]p , W ni = p=m∑
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− [λnij]p + Snij) [αnj ]p
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J (ηij) = A · (ηij)x +B · (ηij)y





























































(A · (ηij)x +B · (ηij)y)
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||W n||L∞(R2) ≤ ||W0||L∞(R2).
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[ξni ]p [Rij]p , W nj =
p=m∑
p=1






























































































|eij|J (ηij)W ni = 0 3
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γnij ≥ 0 ⇐⇒ [λij]p




















{∣∣∣[λij]p∣∣∣ (sij + ∣∣δnij∣∣)} ,




{∣∣∣[λij]p∣∣∣ (sij + ∣∣δnij∣∣)}
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F (W nj )− F (W ni )
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A˜ (W ni ,W nj ; ηij) (W nj −W ni )) .
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F (W nij)− F (W ni )
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∣∣∣[δnij]p∣∣∣ ≥ 1 ⇐⇒ αnij ≥ Snij∣∣∣[λnij]p∣∣∣ .
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A˜ (W ni ,W nj ; ηij)) (W nj −W ni )
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−v2 + gh 0 2v
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 , r2(W, η) =
 0−ηy
ηx
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(h, u, v)(x < 6, t = 0) = (5, 0, 0),
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(h, u, v)(x > 6, t = 0) = (1, 0, 0).
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0 1 0 0
1
2
[(γ − 3)u2 + (γ − 1)v2] (3− γ)u (−γ + 1)v (γ − 1)
−uv v u 0
−u[ c2
γ−1 + (1− γ2 )(u2 + v2)] c
2





0 0 1 0
−uv v u 0
1
2
[(γ − 3)v2 + (γ − 1)u2] (1− γ)u (3− γ)v (γ − 1)
−v[ c2
γ−1 + (1− γ2 )(u2 + v2)] (1− γ)uv c
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λ1(W, η) = V · η − c, λ2(W, η) = V 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− ηx u ηy uc + ηx
v
c
− ηx v −ηx vc + ηx
|V |2
2c




u · ηy − v · ηx |V |
2
2c
+ v · η + c
γ−1

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R−1 (W ; η) = 1
2

V · η + (γ − 1) |V |2
2c
−(ηx + (γ − 1)uc ) −(ηy + (γ − 1) vc ) γ−1c
2(1− (γ − 1) |V |2
2c2
) (2(γ − 1) u
c2




2(ηx · v − ηy · u) 2ηy −2ηx 0
−V · η + (γ − 1) |V |2
2c
(ηx − (γ − 1)uc ) ηy − (γ − 1) vc γ−1c
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h,t + (hu),x + (hv),y = 0
(hu),t + (hu

























































(Zf )l = 0
Q
(Zf )r = 1
Q
hr + (Zf)r = 1.1
Q
hl + (Zf )l = 4
Q
(u, v)l = (0, 0)
QEÅeY



















































































































































































































































































































































































































































































































































ηx − (huτ )nij ηy
(huτ )
n
ij ηy + (huτ )
n
ij ηx












































































































































































































































































































































































∆(Vi, Vj) = Vi + (xj − xi)∂Vi
∂x
































































































































































































Ixy = Iyx =
∑
j∈N(i)




(xj − xi)(Vj − Vi) , Jy =
∑
j∈N(i)












































































































































































































































(x, y) ∈ [−10, 0]× [0, 1]
1
Y+W
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Débit de l’eau−SRNHS (MUSCL)
SRNHS (MUSCL)
Analytique






































































































∂t(αkρk) +∇ · (αkρkUk) = 0, ced '  fAg
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a, a = 4.73× 10−5 	 kl = 987.57 '
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Pl = Pv = P
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~g = t(gx, gy)







































































0 0 0 0 0 0
αvPw1 0 0 αvPw4 0 0
0 0 0 0 0 0
0 0 0 0 0 0
αlPw1 0 0 αlPw4 + Θ 0 0





0 0 0 0 0 0
0 0 0 0 0 0
αvPw1 0 0 αvPw4 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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J0 (W, η) =

0 ηx ηy 0 0 0
−uvUv + c2vηx uvηx + Uv uvηy 0 0 0
−vvUv + c2vηy vvηx vvηy + Uv 0 0 0
0 0 0 ηx ηy 0
0 0 0 −ulUl + c2l ηx ulηx + Ul ulηy
0 0 0 −vlUl + c2l ηy vlηx vlηy + Ul

	
J1 (W, η) =

0 0 0 0 0 0
0 0 0 γP
ρ0v
ηx 0 0
0 0 0 γP
ρ0v
ηy 0 0
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λ1 (W, η) = Uv
λ2,0 (W, η) = Uv − cv
λ3,0 (W, η) = Uv + cv
λ4,0 (W, η) = Ul
λ5,0 (W, η) = Ul − cl
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